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Abs t rac t  
7,234 Baker-Nunn camera observa t ions  of f i v e  s a t e l l i t e s  were analyzed 
t o  determine sftnilltaneously 44 t e s s e r a l  harmonic c o e f f i c i e n t s  of t h e  g rav i -  
t a t i o n a l  f i e l d ,  36 s t a t i o n  coord ina tes  and 511 o r b i t a l  e l e m e n t s .  SuDnle- 
mentary obse rva t iona l  d a t a  incorpora ted  i n  t h e  s o l u t i o n  inc luded  acce le ra -  
t i o n s  of  24-hour s a t e l l i t e s  and d i r e c t i o n s  between t r a c k i n g  s t a t i o n s  from 
simultaneous obse rva t ions ;  observa t ion  equat ions  were a l s o  w r i t t e n  f o r  the  
d i f f e r e n c e s  between geometr ica l  and g r a v i t a t i o n a l  geoid h e i g h t s  a t  t rack ing  
s t a t i o n s .  Seve ra l  v a r i a t i o n s  i n  r e l a t i v e  weight ing of  d i f f e r e n t  obser-  
v a t i o n a l  d a t a  and a p r i o r i  va r i ances  of parameters were t e s t e d .  The previous 
independent s o l u t i o n  most c l o s e l y  approached was t h a t  by Anderle based on 
Doppler d a t a ,  from which t h e  rms discrepancy was - + 0.18 x 1U" f o r  38 
normalized harmonic c o e f f i c i e n t s ,  o r  7 meters i n  t o t a l  geoid h e i g h t .  An 
u t o r i a l  r a d i u s  of 6 378 153 + 8 m. was o b t a i n e d .  
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In t roduct ion .  The ana lyses  descr ibed i n  t h i s  paper  are a con t inua t ion  
of those  repor ted  t h r e e  y e a r s  ago [Kaula, 1963a, b]. They a r e  an apprec i ab le  
improvement over  t h e  previous ana lyses  n o t  only i n  us ing  obse rva t ions  of a 
bet ter  v a r i e t y  o f  more r ecen t  o r b i t s ,  but a l s o  i n  b e t t e r  methods o f  a n a l y s i s  
and i n  u s i n g  supplemental  da t a .  This  i n v e s t i g a t i o n  is one o f  f o u r  p r i n c i p a l  
e f f o r t s  i n  t h e  determinat ion of t e s s e r a l  harmonics of  t h e  g r a v i t a t i o n a l  
f i e l d .  The complexity of  such i n v e s t i g a t i o n s  makes it d e s i r a b l e  t h a t  t h e r e  
be independent e f f o r t s  which d i f f e r  not only i n  t h e  t r a c k i n g  da ta  but  a l s o  
i n  t h e  techniques  of  a n a l y s i s  app l i ed .  
Changes from previous s o l u t i o n s .  The dynamical t heo ry  a p p l i e d ,  
formation of p a r t i a l  d e r i v a t i v e s  use  of obse rva t iona l  and t iming  va r i ances ,  
formation of obse rva t iona l  equat ions ,  and accumulation of  normal equat ions  
--<, nepn,-,t-:m~l.. _ _ _ _  - _  d e - _ _  L-. TI-..l- r,nc,- ,-... _ _ _  - 1 - -  - L~ _ _  - I  _ _ _  -_---- 
1966al .  The most s i g n i f i c a n t  improvement i s  i n  t h e  d a t a ,  Baker-Nunn 
camera obse rva t ions  o f  t h e  Smithsonian Ast rophys ica l  Observatory.  The 
s a t e l l i t e s  used a r e  somewhat b e t t e r  d i s t r i b u t e d  i n  i n c l i n a t i o n ,  and, a l l  
being l a t e r  than 1962 March 7 ,  a r e  apprec iab ly  less a f f e c t e d  by d r a g  than  
those  used i n  t h e  e a r l i e r  ana lyses .  The s a t e l l i t e  d a t a  i s  summarized i n  
Table  1. I n  determining t h e  prel iminary o r b i t s ,  arcs were r e j e c t e d  f o r  t h e  
f i n a l  a n a l y s i s  no t  only i f  t h e  number of obse rva t ions  were i n s u f f i c i e n t  bu t  
a l s o  i f  excess ive  i t e r a t i o n s  were requi red  t o  ob ta in  a s a t i s f a c t o r y  f i t .  
The g r e a t e s t  de f i c i ency  o f  camera t r a c k i n g  us ing  s o l a r  i l l u m i n a t i o n  appears  
t o  be  an i n a b i l i t y  t o  ob ta in  a good d i s t r i b u t i o n  of  obse rva t ions  of  
d a- ’ 
s a t e l  1 i t p s  which z r e  l ~ t g  n n n i i m h  “‘..Ub.. +o be sensitix.re ts t h e  x~ariatiCX?s ef 
g r a v i t a t i o n a l  f i e l d  (per igee  below 1 2 0 0  km) and a r e  o f  i n c l i n a t i o n  
apprec i ab ly  h ighe r  than  t h e  l a t i t u d e s  o f  t h e  t r a c k i n g  s t a t i o n s  ( less than  
37”). 
is  t h e  poores t  observed, whi le  t h e  b e s t  observed, 1961 a 6 1, is so h igh  
a s  t o  be u s e l e s s  t o  determine g r a v i t a t i o n a l  harmonics above t h e  4 t h  degree.  
Thus t h e  most s e n s i t i v e  s a t e l l i t e  used i n  t h i s  s tudy ,  1961 o 1, 
TO enab le  s o l u t i o n  f o r  a maximum number o f  t e s s e r a l  harmonics, t h e  
c e n t r a l  term GM was held f i x e d  a t  3.986009 x IOx4 
va lues  determined from Ranger luna r  probes [Sjogren & Trask,  1965], and t h e  
zona l  harmonics Ja through J7 were held f i x e d  a t  t h e  va lues  [ -*Kozai 1964; 
King-Hele e t  a l ,  1965a,b] given i n  Table 2 .  P e r t u r b a t i o n s  due t o  t h e s e  
m3/seca, t h e  mean Of 
2 
9 * 
zonal  harmonics, a s  w e l l  a s  l u n i - s o l a r  p e r t u r b a t i o n s  of  more than  lo-' 
ampli tude,  were c a l c u l a t e d  i n  both pre l iminary  and f i n a l  o r b i t  ana lyses .  
A r b i t r a r y  polynomials were l i m i t e d  t o  a ta term i n  t h e  mean anomaly, making 
seven o r b i t a l  cons t an t s  f o r  each a r c .  
To e n a b l e , s o l u t i o n ,  i n  effect ,  fo r  an i n d e f i n i t e  number o f  o r b i t a l  
cons t an t s  s imultaneously wi th  tesseral .  harmonic c o e f f i c i e n t s  and c o r r e c t i o n s  
t o  s t a t i o n  coord ina te s ,  t h e  technique  o f  p a r t i t i o n e d  normals was used; 
i .e . ,  w r i t i n g  t h e  normal equat ions  a s  [Kaula, - 1966a, s ec .  5.31: 
where& is  t h e  ma t r ix  of  normal equation c o e f f i c i e n t s , _ I ; i s  t h e  v e c t o r  of 
c o r r e c t i o n s  of parameters ,  a n d A i s  the  v e c t o r  of normal equat ion cons t an t s ,  
then  a s o l u t i o n  of z. a l o n e  r a n  he w r i t t e n  as: 
If comprises c o r r e c t i o n s  t o  p r b i t a l  c o n s t a n t s ,  which a re  p e c u l i a r  t o  
each a r c ,  then  t h e  non-zero elements i n  t h e  rnatr ixJS w i l l  be i n  a series 
of  squa re  b locks  down t h e  main diagonal ,  one b lock  p e r  a r c .  
i nve r s ion  and t h e  s u b t r a c t i o n s  o f  dJzs &; Bal and &a &' i n  
equat ion  (2) can be made s e p a r a t e l y  fo r  each a r c  one a t  a t i m e .  Thgrefore  
a t  any t i m e  t h e r e  need be s t o r e d  i n  the  computer only those  p a r t s  of t h e  
normal equa t ions  p e r t a i n i n g  t o  t h e  parameters common t o  a l l  arcs -- t h e  
c o r r e c t i o n s  t o  t e s s e r a l  harmonic c o e f f i c i e n t s  and s t a t i o n s  coord ina te s  -- 
p l u s  t h e  p a c t s  p e c u l i a r  t o  t h e  one a r c  be ing  analysed.  
a l s o  used  by Anderle [1966] and Guier & Newton [1965] i n  ana lyz ing  T r a n s i t  
Doppler t r a c k i n g  d a t a ;  it i s  probably t h e  p r i n c i p a l  d i f f e r e n c e  of  t h i s  paper 
i n  method from t h e  i t e r a t i v e  technique used by I z sak  1966 and Gapo:shkin 
[1966] i n  ana lyz ing  t h e  Baker-Nunn camera t r a c k i n g  d a t a .  
d r a g ,  a r e  b e l i e v e d  t o  be  t h e  absence of s h o r t  per iod  5: terms i n  t h e  
o r b i t a l  t h e o r y  of  Brouwer 1959 and t h e  f a i l u r e  t o  c o r r e c t  s t a t i o n  
p o s i t i o n s  t o  a common epoch f o r  l a t i t u d e  v a r i a t i o n  [Veis, 1960, pp 97-98]. 
Both of  t h e s e  d e f e c t s  a r e  on t h e  o rde r  of - + 1 0  meters o r  less  i n  effect .  
Hence t h e  
, -- 
This  technique is 
[ I  
The p r i n c i p a l  i naccurac i e s  i n  t h e  c a l c u l a t i o n s ,  a s i d e  from neg lec t  o f  
[ I  
3 
I 
. 
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Hence, t h e  parameters  t o  be determined were s e l e c t e d  a s  be ing  of g r e a t e r  
expected effect .  Experience i n d i c a t e s  t h a t  t r a c k i n g  s t a t i o n s  a s  f a r  a p a r t  
as t h e  Baker-Nunn cameras should,  t o  t h i s  l e v e l  of accuracy,  be considered 
a s  moving s e p a r a t e l y .  Hence 36 of t h e  unknowns i n  z1 a r e  c o r r e c t i o n s  t o  
s t a t i o n  coord ina te s .  To select t h e  t e s s e r a l  harmonic c o e f f i c i e n t s  t o  be 
determined i n  a d d i t i o n  t o  t h e  low degree terms up t o  degree and o r d e r  t , m  
of 4,4 and the small d i v i s o r  terms f o r  which m is approximately equal  t o  
-2A 
t h e  number o f  r evo lu t ions  p e r  day and .t is odd, a c a l c u l e t i o n  o f  o r b i t a l  
p e r t u r b a t i o n s  was c a r r i e d  under t h e  assumption t h a t  t h e  normalized 
c o e f f i c i e n t s  Tb, 
appears  q u i t e  good up t o  about degree 1 5  [Kaula, 1966133. The r e s u l t s  of  
t h i s  c a l c u l a t i o n  appear i n  Table 3 .  2 2  c o e f f i c i e n t s  o f  degrees  5 through 8 
were t h u s  s e l e c t e d .  
- 
a r e  - + 8 x 10-'/ka i n  magnitude, a rule-of-thumb which scm 
The smal l  d i v i s o r ,  or nea r  resonant .  harmonics [Anderle- 19615: 
L 
Yionoul i s ,  19651 under t h e  - + 8 x assumption were s i g n i f i c a n t  f o r  
1960 t 2 (12th o r d e r ) ,  1961 o 1 (14th o r d e r ) ,  and 1962 Bu 1 (13th o r d e r )  
bu t  not  f o r  1959 1 o r  1961 a 6 1. The p a r t i c u l a r  degrees  s e l e c t e d  f o r  
s o l u t i o n  were those  which happened t o  have t h e  l a r g e s t  p a r t i a l  d e r i v a t i v e s .  
The procedure f o r  e v a l u a t i n g  t h e s e  p a r t i a l  d e r i v a t i v e s  i s  e x a c t l y  t h e  same 
a s  f o r  t h e  lower degree harmonics, with t h e  important precaut ion  t h a t  t h e  
r a t e  f o r  a p e r t u r b a t i o n  of  t h e  mean anomaly through t h e  p e r t u r b a t i o n  of t h e  
semi-major a x i s  i s  not assumed t o  be an i n t e g e r  m u l t i p l e  of t h e  mean 
motion: i . e . ,  f o r  a d i s t u r b i n g  func t ion  term 
t h e  i n d i r e c t  p e r t u r b a t i o n  of  t h e  mean anomaly is: 
where t h e  overbar  i n d i c a t e s  i n t e g r a t i o n  of t h e  s i n u s o i d a l  func t ion  wi th  
r e s p e c t  t o  i t s  argument. [Kaula, 1966a, Sec. 3.51. 
To s t r eng then  t h e  s o l u t i o n ,  two types  of supplemental  d a t a  were 
included:  t h e  a c c e l e r a t i o n s  o f  24-hour synchronous s a t e l l i t e s  and t h e  
mutual d i r e c t i o n s  of t r a c k i n g  s t a t i o n s  obta ined  from simultaneous s a t e l l i t e  
(3  j 
1, : ' observa t ions .  
4 
The a c c e l e r a t i o n . i n  long i tude  of a 24-hour s a t e l l i t e  appears  i n  an ' "  
observa t ion  equat ion of t h e  form 
where ~ 
(4-m) even 
- 1  
\ 
.e 
LKaula , 1966a, Sec . 3.6J.  
l u n i - s o l a r  pe r tu rba t ions )  and t h e i r  s tandard d e v i a t i o n s  ~ ( 7 ~ )  were taken 
from t h e  work of Wagner [1966]. Five a c c e l e r a t i o n s  of 1963 - 31A a t  a 
v a r i e t y  of long i tudes  and one a c c e l e r a t i o n  each of  1964 - 47A and 1965 - 28A 
were used ,  a s  summarized i n  Table 4 .  
The observed a c c e l e r a t i o n s  X o  ( co r rec t ed  f o r  
The d i r e c t i o n  of one t r a c k i n g  s t a t i o n  from ano the r  a s  obtained by 
s imultaneous obse rva t ions  o f  s a t e l l i t e s  appears  i n  an observa t ion  equat ion 
of t h e  form 
whereAtu i s  t h e  r o t a t i o n  ma t r ix  from coord ina te s  r e f e r r e d  t o  t h e  e a r t h ' s  
po le  and Greenwich meridian t o  coordinates  wi th  the  l - a x i s  a long  t h e  l i n e  
from s t a t i o n  i t o  s t a t i o n  j and t h e  2-axis  a long  t h e  major a x i s  of  t h e  
e r r o r  e l l i p s e  of t h e  observed d i r e c t i o n :  
I n  equat ion (7), cp and I c o n s t i t u t e  t h e  observed d i r e c t i o n  of s t a t i o n  j 
from s t a t i o n  i i n  t h e  form of l a t i t u d e  and l o n g i t u d e ,  and p is t h e  ang le  
between t h e  normal t o  t h e  meridian plane de f ined  by X and t h e  major a x i s  
of  t h e  error e l l i p s e .  
a 
. 5 
I ’  The d i r e c t i o n s  between 14  p a i r s  of Balcer-Nunn camera s t a t i o n s  der ived  
by Aardom e t  a1  1965 
s a t e l l i t e s  of about  3700 km a l t i t u d e  a r e  given i n  t h e  form of d i r e c t i o n  
c o s i n e s L w i t h  r e spec t  t o  polar-Greenwich axes of s t a t i o n  j from s t a t i o n  i. 
from 615 p a i r s  of quasi-s imultaneous obse rva t ions  of 
\ [ I  
I The s t anda rd  dev ia t ions  a r e  given i n  t h e  form of t h e  semi-major and semi- 
minor axes a ,  b o f  t h e  e r r o r  e l l i p s e  and t h e  angle  8 between t h e  major a x i s  I 
and t h e  normal t o  t h e  p l ane  de f ined  by t h e  s t a t i o n s  and t h e  e a r t h ’ s  c e n t e r .  
To apply these obse rva t ions  i n  equat ions  (6), (7) w e  have: 
A = tan-’ c,/c, 
sincp cos X 
-Y m {  sincp s i n  h 
cos Q, 
The major semi-axis  of t h e  e r r o r  e l l i p s e  was always wi th in  18’ o f  t h e  
s t a t i o n - c e n t e r  p lane .  The number of observa t ion  p a i r s  used f o r  each 
p o s i t i o n  l i n e  v a r i e d  from 5 t o  90; t h e  s tandard  e l l i p s e  major semi-axis, 
from - + 2.3 t o  - + 10.5 x 1r8; t h e  minor semi-axis ,  from - + 0.9 t o  - + 3.9 x Ire . ’  
The s t a t i o n s  appear ing  i n  t h e s e  14  equat ions a r e  noted i n  the,  l a s t  column 
of Table  7.  
I n  a d d i t i o n ,  we can wri te  a s  an observa t ion  equat ion t h e  f a c t  t h a t  t h e  
geomet r i ca l  geoid h e i g h t  der ived  from t h e  p o s i t i o n  o f  a t r a c k i n g  s t a t i o n  
should d i f f e r  from t h e  g r a v i t a t i o n a l  geoid h e i g h t  c a l c u l a t e d  f o r  t h e  same 
p o i n t  f rom t h e  harmonic c o e f f i c i e n t s  only by t h e  c o n t r i b u t i o n  6NGR of 
v a r i a t i o n s  i n  t h e  g r a v i t a t i o n a l  f i e l d  of h ighe r  degree .than those  represented  
by t h e  c o e f f i c i e n t s :  
6 
where% is  de f ined  by equat ion (8) ( t h e  r o t a t i o n  about t h e  1 a x i s  be ing  
of no e f f e c t )  u s i n g  t h e  p o s i t i o n  q,X of  t h e  s t a t i o n ,  
a s s o c i a t e d  Legendre func t ion ,  and NGE i s  t h e  geometr ica l ly  c a l c u l a t e d  
geoid h e i g h t ,  ob ta ined  from s t a t i o n  p o s i t i o n  u 
sea l e v e l  h, and t h e  r e fe rence  e l l i p s o i d  of semi-major a x i s  6378165 m .  and 
f l a t t e n i n g  of 1/298.25, corresponding t o  t h e  J, i n  Table 1. Also app l i ed  
a s  a f i x e d  c o r r e c t i o n  a r e  t h e  con t r ibu t ions  of t h e  f i x e d  zonal  harmonics t o  
t h e  g r a v i t a t i o n a l  geoid he igh t .  
c a l c u l a t e  t h e  geometr ica l  geoid he ight  NGE i n  equat ion (lo),  t h e  mean 
r a d i a l  sh i f t  of t h e  t r a c k i n g  s t a t i o n s  can be considered a s  a c o r r e c t i o n  t o  
t h e  semi-ma j o r  a x i s .  The s tandard  dev ia t ion  o f  t h e  "observation" 
i n  equat ion (10) was es t imated  t o  be - + 20 meters a s  fo l lows .  
c o e f f i c i e n t s  f i x e d  o r  be ing  determined on t h e  - + 8 x 1cT6/.Ca r u l e  con- 
t r i b u t e  a mean square  of  (26 m)a t o  t h e  geoid h e i g h t ,  which was s u b t r a c t e d  
from t h e  ( 3 3  mean square est imated from autocovariance a n a l y s i s  o f  
gravimetry [Kaula -' 1959, p -  24181. 
i s  n e c e s s a r i l y  somewhat a r b i t r a r y ,  p a r t i c u l a r l y  when t h e  obse rva t iona l  
va r i ances  a r e  der ived  i n  d i f f e r e n t  ways. For  t h e  s a t e l l i t e  obse rva t ions ,  
va r i ances  based on obse rva t iona l  r e s i d u a l s  of previous ana lyses  were used: 
(12.0")a d i r e c t i o n  and (0.050S)a time [Kaula -' 1963b, p .  51841. For t h e  
24-hour s a t e l l i t e  a c c e l e r a t i o n s  and t h e  d i r e c t i o n s  between s t a t i o n s ,  t h e  
va r i ances  produced by t h e  l e a s t - s q u a r e s  ana lyses  of  Wagner 1966 and 
Aardom e t  a1  1965 , r e s p e c t i v e l y ,  were used.  
rr 
i s  t h e  normalized p4#m 
t h e  s t a t i o n  h e i g h t  above r-' 
Since t h e  semi-major a x i s  ae  i s  used t o  
6 N ~ ~  
The 49 
I n  combining widely d i f f e r i n g  types of d a t a ,  t h e  r e l a t i v e  weight ing 
[ I  [ I  
Furthermore,  when one type  of data i s  represented  by many more obser -  
v a t i o n s  t h a n  ano the r ,  a s  was t h e  case for t h e  c l o s e  s a t e l l i t e  d a t a  (14,468 
equa t ions )  compared t o  t h e  supplemental d a t a  (47 equa t ions ) ,  then  t h e  neglec t  
o f  covar iances  i n  t h e  former w i l l  be much more s i g n i f i c a n t ,  and t h e  use  of  
t h e  c o r r e c t  va r i ances  i n  simple l e a s t  squares  w i l l  r e s u l t  i n  an over-  
we igh t ing  of t h e  more numerous r e l a t i v e  t o  t h e  less numerous. 
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For t h e  foregoing cons ide ra t ions  t h e  computer program was modified so 
t h a t  when t h e  normal equat ions  f o r  a p a r t i c u l a r  s a t e l l i t e  had been genera ted ,  
they were saved on t a p e  t o  be read o f f  and m u l t i p l i e d  by t h e  weight ing 
f a c t o r  be fo re  be ing  added t o  t h e  combined normal equa t ions .  
a d d i t i o n a l  s o l u t i o n s  wi th  d i f f e r e n t  combinations of weights  could be made 
wi th  less  than one minute computer time each. A f u r t h e r  c a p a b i l i t y  which 
was included f o r  t h e s e  sho r t - t ime  a d d i t i o n a l  s o l u t i o n s  was change i n  p re-  
ass igned  var iances  and s t a r t i n g  values  f o r  t h e  parameters .  
I n  t h i s  manner, 
Some of t h e  da t a  weight ing and pre-assigned s tandard  d e v i i t i m s  of  
parameters t r i e d  a r e  given .in Table 5.  The va r i ed  s a t e l l i t e  weights and 
t h e  supplemental  equat ion weights  i n  excess  of 1 0 0  were c a l c u l a t e d  on t h e  
b a s i s  ofmaking  each s a t e l l i t e  and each block of  supplemental d a t a  o f  equal  
weight .  However, s i n c e  t h e  s a t e l l i t e  var iances  a r e  probably t o o  l a r g e  and 
t h e  supplemental  va r i ances  probably too  smal l ,  t h e  sma l l e r  weights  f o r  t h e  
supplemental  da t a  a r e  probably more r e a l i s t i c .  In  any c a s e ,  over  a q u i t e  
wide range of  weights  t h e  in f luence  i n  t h e  s o l u t i o n  w i l l  appear  f o r  any 
da ta  which d i f f e r s  s i g n i f i c a n t l y  from t h e  bulk o f  t h e  da t a  i n  i ts  s e n s i t i v i t y  
t o  c e r t a i n  parameters .  
As discussed  by h u l a  [1966b], s o l u t i o n s  f o r  a s e t  of s t a t i o n  coord ina te s  
from c l o s e  s a t e l l i t e  t r a c k i n g  a r e  sub jec t  t o  sys temat ic  e r r o r  i n  o r i e n t a t i o n .  
I n  t h e  i t e r a t i v e  s o l u t i o n s  from camera d a t a  by - Izsak  [1966], - Veis [1965], and 
r 1 
Gaposhkin 119661, t h e  o v e r a l l  o r i e n t a t i o n  is  e s s e n t i a l l y  f i x e d  by c o r r e c t i n g  
o r b i t a l  l ong i tudes  and s t a t i o n  longi tudes  a t  a l t e r n a t e  s t a g e s .  I n  t h e  8 
s o l u t i o n s  from Doppler da t a  by Anderle 119661 and GuieP & Newton [1965], one 
s t a t i o n  i s  he ld  f i x e d  t o  e s t a b l i s h  a longi tude  r e fe rence .  I n  t h e  ana lyses  
desc r ibed  i n  t h i s  paper ,  s e v e r a l  s o l u t i o n s  (A through E ,  L and N i n  Table  5) 
were made i n  which a l l  s t a t i o n s  were l e f t  f r e e  t o  move, i n  t h e  hope t h a t  
adequate  o r i e n t a t i o n  would be obtained from t h e  i n e r t i a l l y  r e f e r r e d  d i r e c t i o n s  
c o n s t i t u t e d  by t h e  camera observa t ions .  The oppos i t e  a l t e r n a t i v e  of  f i x i n g  
one s t a t i o n  i n  one o r  more coord ina tes  was a l s o  t r i e d  ( s o l u t i o n s  0 ,  P, and Q ) .  
However, t h e r e  i s  no reason t o  g ive  preference  t o  one s t a t i o n  over  another .  
Hence it seems b e t t e r  t o  t r e a t  a l l  s t a t i o n s  equal ly  and t o  allow some 
i n f l u e n c e  t o  t h e  camera d i r e c t i o n s  by p reas s ign ing  va r i ances  t o  a l l  s t a t i o n  
p o s i t i o n s  ( s o l u t i o n s  F through K and M). 
- 
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Missing from Table 5 are  some obvious a l t e r n a t i v e s ,  such as:  omi t t i ng  
o r  g iv ing  h ighe r  weight t o  t h e  24-hour s a t e l l i t e  d a t a ;  r e s t r a i n i n g  t h e  
5 th-8 th  Degree g r a v i t a t i o n a l  c o e f f i c i e n t s  completely;  i nc lud ing  o r  omi t t i ng  
mutual d i r e c t i o n  and geoid he igh t  equat ions s e p a r a t e l y ;  etc.  Most of t h e s e  
a l t e r n a t i v e s  were t e s t e d  a t  an e a r l i e r  s t a g e ,  wi th  a se t  of c l o s e  s a t e l l i t e  
da t a  d i f f e r i n g  i n  some r e s p e c t s  from t h a t  used i n  t h e  f i n a l  a n a l y s i s .  I n  
t h e s e  tests t h e  v a r i a t i o n s  i n  t h e  weighting of  t h e  24-hour s a t e l l i t e s  had a 
cons iderable  e f f e c t :  t h e i r  omission r e s u l t e d  i n  a wider  sca t te r  of r e s u l t s  
f o r  t h e  c o e f f i c i e n t s  F a a ,  Sa as  w e l l  a s  some o t h e r s ,  whi le  weight ing them 
heav i ly  d i s t o r t e d  C, , Sa, f r o m  t h e  values  s t r o n g l y  i n d i c a t e d  by the c l o s e  
s a t e l l i t e  da t a .  
r e s t r a i n i n g  t h e  h igher  g r a v i t a t i o n a l  c o e f f i c i e n t s  appeared t o  have l i t t l e  
e f f e c t  on t h e  s o l u t i o n  f o r  t h e  low degree c o e f f i c i e n t s .  Also t e s t e d  was 
- 
- - 
Var ia t ions  i n  t h e  weights o f  t h e  geometr ica l  d a t a  and 
omission of each c lose  s a t e l l i t e ,  one a t  a t i m e ,  i n  a s o l u t i o n  f o r  t h e  low 
degree g r a v i t a t i o n a l  c o e f f i c i e n t s .  As a n t i c i p a t e d ,  omission of  1961~61, 
t h e  l e a s t  s e n s i t i v e  s a t e l l i t e ,  had l e a s t  e f f e c t ,  whi le  omission o f  196101 
had g r e a t e s t  e f f e c t .  
Resul t s .  
The p r i n c i p a l  t e s t  of t h e  va lue  of  d i f f e r e n t  s o l u t i o n s  was intended t o  
be t h e  ch i -square  tes t :  i f  t h e  o r i g  n a l  e s t ima tes  of  weights ,  va r i ances  
and covar iances  a r e  good (and i f  t h e  formulat ion of t h e  problem is c o r r e c t ) ,  
then t h e  co r rec t ed  q u a d r a t i c  sum should be close t o  t h e  degrees  of freedom. 
I n  o t h e r  words, t h e  q u a n t i t y  
should be  c l o s e  t o  u n i t y ,  w h e r e L i s  t h e  vec to r  of observa t ion  equat ion 
cons t an t s ;  W i s  t h e  weighted covariance mat r ix ;  n i s  t h e  number of obser-  
v a t i o n s ;  p is t h e  number of parameters;  a n d A a n d A a r e  t h e  s o l u t i o n  and 
normal equat ion  cons tan t  v e c t o r s ,  a s  i n  equat ion (1). The q ’ s  ob ta ined  
va r i ed  from 1.18 ( so lu t ion  B) t o  1 . 5 4  ( so lu t ion  E ) .  However, much of t h i s  
.cLu 
v a r i a t i o n  i s  due t o  t h e  weights  which a r e  incorpora ted  i n  t h e  sums i n  t h e  
numerat-or, but  no t  i n  t h e  denominator, of  equat ion (11). If t h e  number of  
obse rva t ions  n i s  changed from 7 ni t o  1 wini, where wi i s  t h e  weight of  
“i i 
d a t a  t y p e  i, then t h e  q ’ s  vary from 1.01 ( s o l u t i o n  E) t o  1 . 3 3  ( s o l u t i o n  F ) ,  
w i th  A ,  D ,  F t h r u  K ,  and M t h r u  Q a l l  between 1 . 2 5  and 1 . 3 3 .  O f  those  
9 
which are d i s t i n c t l y  lower,  B ,  C,  and L a l l  f a i l  t o  u t i l i z e  the mutual 
direction and geoid h e i g h t  d a t a .  On t h e  o t h e r  hand, E o v e r - u t i l i z e s  t h i s  
data: 
agree  wi th  t h e  g r a v i t a t i o n a l  geoid he igh t s  w i th in  a meter, which i s  n o t  
p o s s i b l e  without  d i s t o r t i n g  t h e  lower degree g r a v i t a t i o n a l  c o e f f i c i e n t s  by 
f o r c i n g  them t o  absorb a l o t  o f  t h e  h ighe r  degree c o n t r i b u t i o n s  t o  t h e  
s t a t i o n  geoid h e i g h t s .  
i .e. ,  some of t h e  geometr ical  geoid h e i g h t s  r e s u l t i n g  from s o l u t i o n  E 
Hence t h e  choice of  p r e f e r r e d  s o l u t i o n  must be based on more s e l e c t i v e  
i n d i c a t o r s  of t h e  e s s e n t i a l  q u a l i t y  o f  s e n s i t i v i t y  o f  d a t a  t o  parameters  
determinede The most obvious weakness i s  t h a t  nf w e r a l l  o r i e n t a t i o n :  
when a l l  36 s t a t i o n  coord ina tes  a r e  f ree  t o  s h i f t ,  e r r a t i c  r e s u l t s  a r e  
obta ined ,  a s  shown by So lu t ions  A and N i n  Table  7.  Some c o n s t r a i n t  must 
be app l i ed ,  a s  i t  has  been i n  a l l  previous ana lyses  of  c l o s e  s a t e l l i t e  
t r ack ing .  Such c o n s t r a i n t  n e c e s s a r i l y  amounts t o  a l lowing  some i n f l u e n c e  
t o  prev ious  s o l u t i o n s .  The s t a t i o n  p o s i t i o n s  obta ined  by t h e  i t e r a t i v e  
s a t e l l i t e  o r b i t  a n a l y s i s  of Izsak  [1966] and Gaposhkin 1966 now seem 
s u p e r i o r  t o  s t a r t i n g  va lues  based on t e r r e s t r i a l  d a t a ,  a s  used by Kaula 
[1963a ,b]: c e r t a i n l y  so f o r  s t a t i o n s  n o t  connected t o  c o n t i n e n t a l  datums. 
The nex t  choice i s  between express ing  t h i s  i n f luence  by f i x i n g  one s t a t i o n  
(Solu t ions  0, P, Q) o r  by a s s ign ing  a p r i o r i  va r i ances  t o  a l l  s t a t i o n  
p o s i t i o n s  (Solu t ions  F t h r u  K and M). As previous ly  d i scussed ,  t h e  l a t t e r  
seems p r e f e r a b l e  on genera l  grounds; t h e  r e s u l t s  i n  Tables  6 and 7 do n o t  
appear  t o  markedly c o n t r a d i c t  t h i s  preference .  
- [ I  
The two s o l u t i o n s  which assigned a p r i o r i  va r i ances  t o  g r a v i t a t i o n a l  
c o e f f i c i e n t s ,  K and M, d i f f e r e d  n e g l i g i b l y  i n  t h e i r  r e s u l t s  from s o l u t i o n s  
J and G ,  r e s p e c t i v e l y ,  t h e  maximum changes be ing  decreases  i n  a b s o l u t e  
magnitude o f  .09 t o  . l lxlCr8 i n  two or t h r e e  5 t h  and 6 th  degree c o e f f i c i e n t s .  
O f  t h e  remaining s o l u t i o n s  F t h r u  J ,  F ,  I, and J are  p r e f e r a b l e  t o  G and H 
because they  inco rpora t e  t h e  supplemental d a t a ,  whi le  H, I ,  and J a r e  
p r e f e r a b l e  t o  F and G because they  give r e l a t i v e l y  g r e a t e r  weight t o  t h e  
s e n s i t i v e  lower s a t e l l i t e s  196101 and 1959611 than  t o  t h e  i n s e n s i t i v e  h igh  
s a t e l l i t e  1961a61. 
weight a s s igned  t o  t h e  supplemental  equa t ions ,  t h e  e f f e c t  of which shows 
most markedly i n  t h e I s e c t o r i a 1  harmonic c o e f f i c i e n t s  C a  , C, , and S ,  . 
For t h e s e  t h r e e  c o e f f i c i e n t s  so lu t ion  J i s  much c l o s e r  than I t o  t h e  
independent r e s u l t s  based on Doppler d a t a  of  Anderle [1966] and Guier & 
Newton [1965]. Perhaps t h e  d i f f e rences  a r e  a r e f l e c t i o n  of t h e  va r i ances  
adopted for t h e  d i r e c t i o n  d a t a  being t o o  smal l  r e l a t i v e  t o  those  f o r  t h e  
The two p re fe r r ed  s o l u t i o n s  I and J d i f f e r  i n  t h e  
- - 
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c l o s e  s a t e l l i t e  d a t a ,  W e  adopt  so lu t ion  J, bu t  t h e  p re fe rence  is m i l d .  
Eight  s o l u t i o n s  f o r  g r a v i t a t i o n a l  c o e f f i c i e n t s  through t h e  8 t h  degree 
The s t anda rd  d e v i a t i o n s  oh r e s u l t i n g  
and Sh, s i n c e  t h e i r  s tandard  d e v i a t i o n s  
The h ighes t  c o r r e l a t i o n s  between d i f f e r e n t  
a r e  given i n  Table 6,  which s u f f i c e s  t o  demonstrate t h e  more important  
effects of v a r i a t i o n s  i n  weight ing.  
.from t h e  l ea s t  squares  c a l c u l a t i o n  a r e  a l s o  given f o r  s o l u t i o n  J; t h e  one 
figure given p e r t a i n s  t o  both F 
always agreed wi th in  . OlxlcT6 . 
harmonics produced by t h e  l ea s t  squares  occurred i n  t h e  expected p l aces ;  
i . e . ,  (1) between c o e f f i c i e n t s  both appear ing  i n  t h e  24-hour s a t e l l i t e  
equat ions ,  f o r  example -0.754 f o r  r(Cla , Cd3 1; -0.321 f o r  r (Cad , Sab) ;  
-0.311 f o r  r (gas, C a  );  and 0.240 f o r  r (Fda , C,2); and (2 )  between 
c o e f f i c i e n t s  o f  t h e  same o r d e r  m and degree 4, d i f f e r i n g  by an even number, 
f o r  example -0.534 f o r  r (F41 , GI); 0.692 f o r  r (F41 , Gal); 0.480 f o r  
r (C4a9 Gel); 0.446 f o r  r (Fa , h 4 ) ;  e tc .  
no t  i n  t h e s e  two c a t e g o r i e s  were less than  0.18, most of  them less than  
0.08. Most c o r r e l a t i o n s  between g r a v i t a t i o n a l  c o e f f i c i e n t s  and s t a t i o n  
coord ina tes  were less than  0.05 , t h e  l a r g e s t  be ing  0.152 f o r  r (E,4 , us , a )  
and -0.143 f o r  r (Tal , u1 ,=) .  
because they  always came ou t  t h e  same: 
- 
.dm 
- - - - 
c - 
- - 
- - - 
A l l  c o r r e l a t i o n  c o e f f i c i e n t s  
The s o l u t i o n s  f o r  t h e  1 5 t h  degree c o e f f i c i e n t s  a r e  no t  shown i n  Table  6 
- - = -0,032 (+.007) x lo", Sle = -0,065 (+.007) x 10" C i s  ria - - 
The geoid corresponding t o  s o l u t i o n  J (p lus  Table 2 )  is shown i n  
F igu re  1. For 38 t e s s e r a l  harmonic c a e f f i c i e n t s  i n  common wi th  t h e  s o l u t i o n  
of Anderle  1966 , t h e  q u a d r a t i c  sum of d i f f e r e n c e s  i n  t h e  c o e f f i c i e n t s  w a s  
1.29 x 
d iscrepancy  of - + 0.18 x 10" p e r  c o e f f i c i e n t .  
comparable f i g u r e s  a re :  Guier 6 N e w t 6 6  [1965 : 38 c o e f f i c i e n t s ,  
- 
[ I  
, equ iva len t  t o  + 7.3 meters i n  geoid he igh t ,  or an rms 
For o t h e r  s o l u t i o n s ,  t h e  
+ 8.8 m . ,  + 0.22 x IzsaK 19661: 32 c o e f f i c i e n t s ,  
[ I  - 5 1.91 x -1.94 x 10-la , - + 8.9 m. ,  2 0.25 x 10"; and Ga oshkin 1966 : 40 c o e f f i c i e n t s ,  
1.00 x 10'la , - + 6.4 m . ,  2 0.16 x lo-'; 
t o g e t h e r  w i t h  t h e  s t anda rd  dev ia t ions  f o r  t h e  p r e f e r r e d  s o l u t i o n  J. 
The r e s u l t s  f o r  s t a t i o n  coordinate  s h i f t s  a r e  given i n  Table 7 ,  
The 
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i l l l c o n d i t i o n i n g  and o r i e n t a t i o n  problems occuring when t h e  s t a t i o n s  are 
allowed t o  move f r e e l y  a r e  ev ident  from t h e  r e s u l t s  f o r  s o l u t i o n s  A and N: 
f o r  formal s tandard  d e v i a t i o n s  for s t a t i o n  coord ina te s  generated by t h e  
l e a s t  squares s o l u t i o n s  were about  - + 11 meters, but t h e  m s  d i f f e r e n c e  
between s o l u t i o n s  A and N i s  - + 2 5  meters.  
s t a t i o n s  a l s o  appears  t o  be  high;  f o r  example, t h e  s o l u t i o n  N Aul,la has  1 6  
c o r r e l a t i o n  c o e f f i c i e n t s  which a r e  h igher  than 0.20. The f l u c t u a t i o n s  o f  
s t a t i o n  p o s i t i o n s  between d i f f e r e n t  s o l u t i o n s  i n  Table 7 is cons iderably  
more than t h a t  implied by t h e  f l u c t u a t i o n s  of  g r a v i t a t i o n a l  c o e f f i c i e n t s  i n  
Table 6. 
0.10 x 
p o s i t i o n  w i t h  r e spec t  t o  t h e  c o e f f i c i e n t  y i e l d s  a range of about  6 meters 
i n  o r b i t a l  p o s i t i o n .  From t h i s ,  we would expect a range of about x 6,  
o r  20 meters, i n  s t a t i o n  p o s i t i o n ,  s ince  a s t a t i o n  coord ina te  appears  i n  
1 / 1 2  a s  many equat ions .  This  i s  about equal  t o  t h e  a b s o l u t e  average d i s -  
crepancy between coord ina tes  f o r  so lu t ions  0 and J ,  which u t i l i z e  t h e  two 
a l t e r n a t i v e  methods of f i x i n g  o r i e n t a t i o n .  It  i s  a l s o  about equal  t o  t h e  
rms d e v i a t i o n  o f  t h e  coord ina te  s h i f t s  (not i nc lud ing  Aul 
i 
I 
Covariance between d i f f e r e n t  
Mul t ip ly ing  t h e  range o f  v a r i a t i o n  of a c o e f f i c i e n t  (e.g. ,  
f o r  Tal) i n  Table 6 by the average p a r t i a l  d e r i v a t i v e  of s a t e l l i t e  
) of s o l u t i o n  J ,  
r 1 - + 22  m . ,  from t h e  i t e r a t e d  s o l u t i o n  of Gaposhkin 119661. For t h e  one out -  
s t a n d i n g  s h i f t  of + 1 2 7  meters  f o r  u ~ , ~ ,  no s p e c i a l  explana t ion  has  been 
found. Rota t ing  t o  l o c a l  coord ina tes ,  t h e  s h i f t  of  s t a t i o n  1 2  for s o l u t i o n  J 
i s  - 99 m .  i n  r a d i u s ,  + 41 m.  i n  prime v e r t i c a l ,  and + 83 m .  i n  l a t i t u d e .  
So lu t ion  I ,  which g ives  heav ie r  weight t o  t h e  mutual d i r e c t i o n  and geoid 
he igh t  equat ions ,  reduces t h e  r a d i a l  s h i f t  t o  - 35 m . ,  bu t  i n c r e a s e s  t h e  
northeastward s h i f t  by about 30 meters.  
Geometrical  geoid h e i g h t s  w i t h  r e spec t  t o  an e l l i p s o i d  of e q u a t o r i a l  
r a d i u s  6378165 meters and f l a t t e n i n g  W298.25 were c a l c u l a t e d  from t h e  
f i n a l  p o s i t i o n s  f o r  s o l u t i o n  J ,  
ta t io .na1  geoid h e i g h t s  obtained from Figure  1 a r e  given i n  Table  8 .  If t h e  
mean va lue  of a geometr ical  minus g r a v i t a t i o n a l  geoid he igh t  is taken a s  a 
c o r r e c t i o n  t o  t h e  semi-major a x i s ,  a value of  6378153 - + 8 m.  i s  obta ined .  
Using t h i s  r a d i u s  wi th  t h e  GM of 3.986009 x l o i 4  m3/seca g ives  an  e q u a t o r i a l  
g r a v i t y  ye of 978.0284 cm sec-a ,  which is  i n  b e t t e r  accord wi th  t e r r e s t r i a l  
s o l u t i o n s  than previous ly  obta ined  [Kaula , 1966b]. 
These geoid h e i g h t s  t o g e t h e r  w i t h  g rav i -  
Conclusions.  Th i s  i nves t iga t ion  demonstrates t h a t  a good s o l u t i o n  f o r  
t h e  non-zonal harmonics of  t h e  g r a v i t a t i o n a l  f i e l d  can be obta ined  from a 
r e l a t i v e l y  small  amount of d a t a .  The agreement of t h e  g r a v i t a t i o n a l  
c o e f f i c i e n t s  w i th  o t h e r  s o l u t i o n s  us ing  d i f f e r e n t  da t a  o r  methods o f  a n a l y s i s  
. 12 . 
is a l s o  q u i t e  s a t i s f y i n g ,  i n d i c a t i n g  t ha t  t h e  amp1 i t i i d e s  of p e r s i s t e n t  
o s c i l l a t i o n s  i n  t h e  o r b i t s  a r e  being determined wi th in  about - +. 5 meters. 
The r e s u l t s - f o r  s t a t i o n  coord ina te  s h i f t s  a r e  n o t  so  s a t i s f a c t o r y :  t h e  
l i m i t a t i o n s  on d i r e c t i o n s  with r e spec t  t o  i n e r t i a l  space i n  which obser- 
v a t i o n s  can be made f o r  a given o r b i t a l  a r c  of 18 dayq o r  so appa ren t ly  
r e s u l t s  i n  poor sepa ra t ion  of  s t a t i o n  coord ina tes  from o r b i t a l  parameters.  
Some c o n s t r a i n t  i n  o r i e n t a t i o n  is needed f o r  t h e  e n t i r e  system, a s  w e l l  a s  
probably a cons iderably  l a r g e r  amount o f  d a t a  t o  ga in  an improvement over  
t h e  accuracy o f  f: 20 meters obtained i n  t h i s  s tudy.  
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TABLE 1 Close S a t e l l i t e  O r b i t  S p e c i f i c a t i o n s  
-_ 
Satellite 1959a1 1960~2 196101 1961a81 1962 Bell 
Name 
Epoch 
Semimajor Axis 
E c c e n t r i c i t y  
I n c l i n a t i o n  
Argument of Perigee 
Longitude of  Node 
Mean Anomaly 
Min. Acceleration* 
Max. Acceleration* 
Per igee  mot i o n h a y  
Node motion/Day 
P e r i a d s h a y  
Max. A h ,  cma/g 
Min e A h  , cma/g 
Per igee  Height,  km 
S t a r t i n g  Date 
Ending Date 
Number of Arcs 
Day s/A r c 
Min Obs . / A r c  
T o t a l  Observat ions 
SA0 Spec. Rep. Nos. 
VANGUARD 2 ECHO 1 ROCKET TRANSIT 4A MIDAS 4 
1963Jan27.0 1963Jan10.0 1962May21.0 1962Aug.18.0 
1.301994 1.250052 1.146988 1 568 1 2  0 
0.16417 0.01139 0.00799 0.01209 
0.57383 0.82437 1.16620 1.67302 
3.13491 1.93573 1 .la658 1.67305 
2.87158 0.79776 0.46898 6.27650 
1.76589 5.92654 3.92748 0.67818 
- 0.51xlO-' -1 . O O X ~ O - ~  + o c  02~10-~ - 0. 25x1cre 
+ 7 . 0 1 ~ 1 0 - ~  +1.35x10-' +0.9OxlO'" +O .Lclxl(Te 
+0.09238 +O .052 00 - 0.01210 -0.01708 
-0.06141 -0.05415 -0.01438 +O .003 67 
11.48 12.20 13.86 8.68 
0.21 0 .27  0.12 0.08 
0.21 0.08 0.11 0.02 
560 15 00 88 0 3500 
1963Jan .18 1963Jan .1 1962May12 1962Aug.3 
1963Nov.20 1963Sep.28 19635~1.24  19630ct .27 
13  15 15 1 5  
1 8  1 8  1 8  30 
42 67 32 61 
79 0 1628 61  2 2882 
185 185 148,185 147,185 
ANNA 1B 
19 63 Jan9 . 0 
1.177254 
0.00707 
0.87514 
0.94214 
2 .a4671 
0.80524 
-0.44~1cP 
+0,27x10~@ 
+O .043 64 
- 0.04119 
13.35 
0.07 
0.07 
1080 
1962Dec.31 
1963Nov.2 
15 
18 
6 1  
1322 
168 
*Units  for a c c e l e r a t i o n :  dn/dt i n  radians/(806.8 secs.)a where n is mean motion 
I- 
i 
TABLE 2 Fixed Zonal Harmonics 
10'" l o - =  
2 1082.70 -484.198 
3 -2.55 
4 -1 .so 
0.965 
0.500 
5 -0.15 0.045 
6 0.50 -0.140 
7 -0.37 0.090 
14 
TABLE 3 Amplitude of Pe r tu rba t ions  of Close S a t e l l i t e  O r b i t s  I .  
by 5 t h  and Higher Degree Harmonics h of Normalized 
Magnitude - +8x1O-'/.ta (exclpding zonal  and near-resonant  harmonics) , 
More than 1 0  t o  2 0  5 t o  10 
20 Meters Meters Meters S a t  e l l  i t  e a e I 
1959011 1,302 .16 32 .go 5 1  ,52,61,62, 53,72,83 , 54,64,73,74,82,84,92 , 
63,71,81. 101,111. 93,102,104,122,141. 
1 9 6 0 ~ 2  1.250 .01 47.2' 51,61. 52,63 , 64, 53,54,62,65 , 71,72,81, 
82,101. 85. 
1 9  6101 1.147 .01 66.8' 51,61,62,63 , 52,53,54, 71,73 , 7Y , 75 , 76,86,87, 
65. 55,64,66, 91,92,102,103,111. 
72,81, 
84,101,121. 
19610161 1.568 .01 95.9' 61,62. 
1 9 6 2 8 ~ 1  1.77 .01 50.1' 51,52,61,63, 53,62 *65, 54,55,72,73,74,75,83 , 
64. 71,81,82 , 85,86,92,102,111,121 
101. 
I -  
i 
8 
- 
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TABLE 4 24-Hour S a t e l l i t e  O r b i t s  
S a t e l l i t e  1963-31A 1964-47A 1965428A 
I Name 
I n c l i n a t i o n  
S t a r t  Longitude 
End Longitude 
Observed Accelera t ion  xlO@ 
~ 
F a c t o r s  
of 
P a r t i a l  
Der iva t ives  
SYNCOM I1 SYNCOM I11 EARLY BIRD 
3 3O 0 .lo 0.2O 
305.1' 244.7' 174.0' 218.0' 81.0' 179.2' 330.7' 
302.4' 197.5' 161.5' 102.2' 52.0' 178.2' 330.7' 
-1.962 1.888 0.435 -2.203 0.849 1.476 -1.291 
- +28 274 - +44 - +44 254 
- .0155 
Acce le ra t ions  and P a r t i a l  Der iva t ives  i n  rad ians / (p lane tary  t i m e  u n i t ) a  , where 
p l ane ta ry  t i m e  unit = 806.8137 secs. 
1 . 
I 
So lu t  ior 
A 
Parameter A P r i o r i  
Data Weights Standard Devia t ions  
S t a t i o n  Grav i ty  C o e f f i c i e n t s  - Close 24-Hour Mutual Direct ions  
ch, s4nl S a t e l l i t e s '  S a t e l l i t e s  6 Geoid Heightsa Pos i t ions3  
10-6 m. 
1 1 1 a0 OD 
B 
C 
0 
0 
1 1 
Varied 1 
OD 
OD 
E 
F 
G 
l 
OD 
OD 
Varied 21 .2  High 
1 1 1 
1 1 0 
D 1 Varied 2 1 . 2  Moderate I O D  OD 
J 
K 
L 
M 
N 
0 Varied 1 1 10 .  
Varied 1 1 1 0 .  Deg 2-4:m; 5-8:8/Ja 
Varied 1 0 OD Deg 2-4:a; 5-8:8/J2 
1 1 0 1 0  * A l l  8/4' 
m Varied 1 1 OD 
OD 
1 0 .  
1 0 .  
0 
P 
Varied 1 0 1 0 .  
Varied 2 1 . 2  Moderate 
H 
I 1, 
Varied 1 
Var ied  1 
OD 
OD 
OD 
Q 
OD 
m 
m Varied 1 1 C 
1 I 
1 
1 
a 
b 
OD 
oa 
NOTES: ': Varied s a t e l l i t e  weighting: 1 9 5 9 ~ 1 ,  2.05; 1 9 6 0 ~ 2 ,  1 .00;  196101, 2.70; 
1961atj1, 0.55; 196213~1, 1 .20 .  
a : Moderate weighting: D i rec t ions  10 .5 ,  Heights 16.4; 
High weighting: D i rec t ions  U O . ,  Heights  270.  
3: S t a t i o n  weight ing a-c: a l l  s t a t i o n s  m, exoept a :  S t a t i o n  1 f ixed  
i n  a l l  coord ina tes ;  b: S t a t i o n  1 f i x e d  i n  longi tude  and r a d i u s ;  
c: S t a t i o n  1 f i x e d  i n  longi tude  only .  
a 
& E  
0 
M 
aJ-4 
Q 
. . . . . . . . . . . . . . . . . . .  
+I  S ' o r n c n  m mcn h a  4 3  o3 m (vm m a  r/) 
~ ~ h ~ j h O ~ O ~ m d m m j m d O 0  
4 0 0 d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
I 1 I I I l l  I 
n c n a m ~ m t - h m j N c n u t ~ a d a j o  
U N O O O O O O O O O O O O O O O O O  
n m m 3 3 O m b O 3 O b L D m , + j a d c n  
f N a N m ~ o o o ~ N d m m ~ m ~ o o  
4 0 0 d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
I l l  1 1  I I I  1 1  
3 3 m d O ~ d c n m O o 3 ~ 0 ~ b m m m b  
f c n a m a m c n d O m m d l - i 4 N ~ N 0 0  
u d o o o o o o o o o o o o o o o o o  
I I 1  1 1  I I I  
4 m d b 3 O a m O m d m b ~ 3 m j m h  
f N m N = t h 0 0 0 4 4 4 m m m 3 d 0 0  
- l 0 0 d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
I I I  I I I I  I 
. . . . . . . . . . . . . . . . . .  
f 0 h m rD m a  N, 0 b Ln 4 0 0 d d N 0 4 . . . . . . .  . . . . . . . . . . .  
I I I  I I  I I 
. . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  
u d o o o o o o o o o o o o o o o o o  
n d m a d b a j d m m a m m m d a d b  
~ N ~ N ~ ~ O O O O ~ ~ ~ N ~ L Q ~ O O  
- l 0 0 d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
I I I I I I I I 1  
- N ~ ~ N m ~ m b h 4 m m L n m m m m c n  
f O a 3 a m c n m O h h d O 4 ~ , . + ~ 0 0  
u N 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -0 
I I I  I F  I I I  
- 4 a b r n m a m m m h a 3 j b 0 3 N m  
n d h ~ ~ h O O O ~ m d m r n ~ m d O 0  
- l 0 0 d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
I I I  I I * I  I I I 
n m a m d b N , + d o m m c n d o b , - i m N  
f d m ~ ~ ~ m c n o o ~ ~ ~ ~ o o r n ~ m o o  
U N O O O O O O O O O O O O O O O O O  
~ c n d a a r n c n ~ ~ m b o c n a m o ~ m ~  
f 4 h ~ 3 h O m 0 4 ~ d m m m 3 d O O  
- l 0 0 d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
I I I I I I I  I 
n b m m 4 h b h m 3 a c n m m h c n m z t ~  
f O h m a m a n 1 0 b ~ d 0 0 d 0 ~ O d  
U N 0 0 0 0 0 0 0 0 0 0 ~ 3 t 0 3 3 G  
O L D c r i ~ c n a 3 = t d m b ~ 1 - 1 m m m m O d c n  
- l 0 0 d 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
1 I I  I I I I  I 
3 m m cn 3 4 N.N h cn N cn 0 m h  4 LI-I N m 
f d h ~ ~ 3 m = k 0 a ~ 4 ~ 0 0 0 N O d  
U N O O O O O O O O O O O O O O O O O  
O h 4 c n m m m m ~ ~ O c n ~ a a d = t 3 a 1  
r) 4. b N m h 0 N 0 0 3 d m m m m 4 9 0 
I I I  I l l  I I I  I I  
O j O m m ~ d c n o d m = t h m 4 m m c n d  
f q L D r n a m c n m 4 b a , . + O l - i ~ O y ? d  
U N 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
I I I  I I  I I I  
I I I  I I  I I 
. . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  
I I I  I I  I I 
. . . . . . . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  
I I I  I 1  I I 
r ) d ~ N 3 h d , . + O " d m ? ? l w ? q ~  . . . . . . . . . . . . .  
. . . . . . . . . . . . . . . . . . .  
I I I  I I  I I I 
. . . . . . . . . . . . . . .  
;00d00000000000000d  
. . . . . . . . . . . . . .  
L 
-P 
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TABLE 7 S t a t i o n  P o s i t i o n s  
No. Name S t a r t  i n  g S h i f t s  for Solu t ion  I n  
(number of Coordinates  A F H I N 0 Q J CY Direc t ion  eq. 
observa t ions)  rn in m m m m in m rn m w i t h  S t a .  No, 
1. Organ 
Pas8 
(926) 
u1 -1 535 753 
~g -5 167 000 
ua 3 401 047 
-92 
+119 
+2 08 
-53 -38 -27 -108 
+16 +20 +11 +98 
+19 +47 +21 +181 
0 +19 
0 +64 
0 +144 
-41 +6 7,9,10,12 
+14 -5 
+27 5 
2. O l i f a n t s -  
f o n t e i n  
(664) 
5 056 133 
2 716 489 
-2, 775 832 
-38 
- 73 
-66 
+10 +19 +18 +1 
-24 -40 -32 -105 
+4 -3 +5 -45 
+24 -17 
-68 -50 
-14 -36 
+19 6 8,9,10 
-36 7 
-1 7 
3. Woornera 
( 719 1 
-3 983 738 
3 743 127 
-3 275 615 
+ 61 
-119 
-50 
+10 -11 -9 -38 
-39 -44 -40 -85 
+3 t8 +9 -27 
+18 +15 
-61 -121 
+8 -16 
+6 7 
-43 6 
+10 6 
4. San 
Fernando 
(79 0) 
5 105 610 
3 769 693 
-0 555 226 
-108 
-55 
+210 
-15 -28 -6 -94 
'-22 -31 +3 -64 
+31 +59 +26 +193 
-48 -85 
-36 -13 
+73 +175 
-15 5 8,9,10 
-23 7 
+40 5 
5. Tokyo 
(339) 
-3 946 697 
3 366 293 
3 698 858 
+143 
- 44 
+214 
+18 +23 +29 +140 
-1 -1 -19 -30 
+16 +13 +22 +174 
+65 +89 
+56 +152 
-17 -70 
+22 7 6 
-4 7 
+14 7 
6.  Naini  
Ta 1 
(678) 
1 018 206 
5 471 103 
3 109 620 
+3 4 
-111 
+245 
+17 t29 +7 +52 
-4 -3 -1 -97 
+32 +21 +44 +217 
+26 -2 
+25 -69 
+88 +193 
+19 7 5 *8 
-4 5, 
+36 5 
7. Are- 
qu ipa  
(518) 
1 942 768 
-5 804 089 
-1 796 968 
+6 +9 +5 -29 
-1 +3 -5 +41 
+8 4-4 +33 +55 
-15 +36 
-5 +40 
+43 +94 
+1 5 1,9 ¶lO,ll 
+3 5 
+11 7 
+3 
+64 
+6 7 
8. Shi raz  
(564) 
+8 t18 -10 -15 
-21 -39 -10 -105 
+27 t36 +33 +207 
-1 -47 
-45 -80 
+80 +186 
+6 6 2,496 
-22 6 
+33 5 
3 376 887 
4 403 994 
3 136 264 
-30 
-12 0 
+235 
2 251 822 
1 327 171 
-5 816 923 
+6 +10 -6 
+87 +8 -22 
+168 +3 -3 
+g - 2 6  -15 +35 t5 5 l. 1 -  ,L ,4, 7 I , I U ¶  i n  
+11 +63 +6 +60 +6 5 11 
+11 152 +17 +159 +lo 5 
10. J u p i t e r  
(567) 
0 976 281 
-5 601 390 
2 880 247 
-82 -10 -57 
+91 +2 +4 
+225 +33 t32 
-3 -64 -31 +3 -13 5 1¶2,4,7¶9 
-1 +71 -1 +60 +1 5 
+35 +198 +34 +190 +39 5 
11. V i l l a  
Dolores  
(552) 
2 280 572 
-4 914 580 
-3 355 464 
+7 +1 -23 
+131 +22 t20 
-46 +1 +4 
+8 -23 -22 +29 +6 5 7 ¶9 
+6 +89 +33 +98 +16 6 
+26 -27 t4 -11 +8 6 
12. Maui 
(623) 
~1 -5 466 063 
UZ -2 404 286 
ua 2 242 180 
+245 + l o 1  4-138 
+36 t4 t28 
+251 +40 t38 
+84 +236 +212 +261 +127 6 1 
-35 +60 +3 +11 +12 6 
+65 +203 +61 +194 +43 56 
I 
m 
4 
I 
TABLE 8 Comparison of  Geoid Heights (Solution J )  
Referred to an e l l i p s o i d  a = 6 378 165 m.,  f 3 1/298.25 e 
Station Latitude Longitude Elevation Geoid Height 
Number East above MSL Geometrical Gravitational 
Deg . Deg . m m rn 
20 
1 
2 "  
2 
J 
4 
5 
6 
7 
8 
9 
10 
11 
12 
32.4 
-26.0 
731.1 
36.5 
35.7 
29.4 
-16.5 
29.6 
12.1 
27.0 
-31.9 
20.7 
253 .4 
28.2 
136.8 
353.8 
139 .S 
79.5 
288 .5 
52,s 
291.2 
279,9 
294.9 
203.7 
1651 
1544 
I62 
j24 
58 
192 7 
2451 
159 6 
7 
15 
59 8 
3035 
-32 
21 
-28 
60 
22 
-59 
25 
-27 
- 43 
-44 
25 
-101 
-23 
27 
1 
52 
20 
-52 
4 
-13 
-20 
-27 
10 
-17 
C m 
0 
L' 
